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Constraints on spin observables in p¯p → ΛΛ ⋆
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Abstract
We discuss model-independent inequalities for the spin observables in the reaction
p¯p→ ΛΛ, which have been measured at CERN with a polarised proton target.
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Spin observables, when carefully analysed, give access to reaction mechanisms.
For instance, accurate measurements of proton–proton scattering have made
it possible to separate the 3P0,
3P1, and
3P2 phase-shifts. At very low energy,
their ordering is typical of tensor forces induced by pion exchange. As energy
increases, their behaviours are rather different, revealing a coherent spin-orbit
force mediated by scalar and vector exchanges. The fine structure of protonium
and the spin dependence of p¯p scattering has been investigated at LEAR (for a
recent review, see Ref. [1]). Antiproton–nucleus experiments also give valuable
information. For instance the inelastic reaction p¯A→ p¯A∗, where A∗ is a well
identified excited level of the nucleus A with known quantum numbers, filters
specific components of the antiproton interaction.
The strangeness-exchange reaction p¯p → ΛΛ [1,2,3] has been studied by the
PS185 collaboration. The first data are well reproduced both by models with
K, K∗ exchange and by quark models [3]. In particular, the dominance of the
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spin-triplet contribution over the spin-singlet contribution is reproduced in
both approaches. A final run with a polarised target was carried out in order
to better identify the underlying mechanisms.
Many measurements are needed for a full reconstruction of the amplitudes (up
to an overall phase). Without enough information, ambiguities remain. On the
other hand, when many observables are measured independently, one should
address the problem of their compatibility. This is the subject of this note.
In a situation like πN scattering, with two amplitudes a and b, and spin ob-
servables [4]
A = (|a|2 − |b|2)/I0 , B = 2ℜe[ab
∗]/I0 , C = 2ℑm[ab
∗]/I0 , (1)
together with I0 = |a|
2 + |b|2, both A and B, as well as the sign of C are
needed to reconstruct the S-matrix. A value A = 0, for instance, indicates that
|b| = |a|, but does not inform about the relative phase of the two amplitudes.
If, instead, it happens that A = +1, then b = 0, and the measurement of B
or C is not necessary, except for cross-checking. In any case, the observables
fulfil A2 +B2 + C2 = 1, and thus A2 +B2 ≤ 1, etc.
Needless to say, the algebra becomes more complicated when two fermions are
involved. There are six independent amplitudes for p¯p→ ΛΛ, once symmetries
are enforced. The spin observables (times the differential cross section I0) are
expressed by quadratic relations of the type
I0 = |a|
2 + |b|2 + |c|2 + |d|2 + |e|2 + |g|2 ,
PnI0 = 2ℜe(ae
∗) + 2ℑm(dg∗) ,
AnI0 = 2ℜe(ae
∗)− 2ℑm(dg∗),
CnnI0 = |a|
2 − |b|2 − |c|2 + |d|2 + |e|2 + |g|2 ,
DnnI0 = |a|
2 + |b|2 − |c|2 − |d|2 + |e|2 − |g|2 ,
KnnI0 = |a|
2 − |b|2 + |c|2 − |d|2 + |e|2 − |g|2 , etc.
(2)
Identities among these observables have been derived. For a review and ref-
erences to the original papers, see, e.g., [4]. With those identities in hand,
one can deduce a number of constraining inequalities. Richard and Elchikh
[5a–b] have studied the inequalities relating pairs of p¯p → ΛΛ observables in
a empirical but systematic way. A powerful method is based on “the gener-
alised density matrix”. The positivity of this density matrix gives a number of
inequalities involving sub-determinants. More details will be given elsewhere
[6]. It should be noted that the framework developed for hadronic reactions
can be applied to the transverse-momentum dependent helicity and transver-
sity quark distributions in the nucleons. Existing inequalities [7a–b] can be
recovered.
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For individual observables, the normalisation is such −1 ≤ Oi ≤ +1. This can
be checked on the published or preliminary data [2,8,9], as seen in Fig. 1.
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Fig. 1. Results of PS185 on polarisation and analysing power, as of function of
cos ϑcm
For pairs of observables, the domain is naively the square {−1 ≤ Oi ≤ 1,−1 ≤
Oj ≤ 1}. It is found that many (not all) pairs are restricted to a smaller area,
an unit disk O2i +O
2
j ≤ 1 or the inner part of a triangle O
2
i − (1 +Oj)
2 ≤ 0,
as shown in Fig. 2.
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Fig. 2. Pair of observables restricted to the unit disk (left, here polarisation and
Cll are shown) or to a triangle (right, here Cnn and Clm are shown). The small
dots correspond to unphysical, randomly generated, amplitudes, the larger dots, to
actual data.
For triplets of observables, three are many possibilities, among which the inner
part of the unit sphere, the inner part of a cone (Fig. 3, left) and the volume
inside a symmetric cubic (right), which looks like a twisted cushion. This latter
case is more interesting, as there is no restriction on any pair of the involved
observables.
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Fig. 3. Triplet of observables restricted to the inner volume a cone or of a cubic. The
small dots correspond to randomly generated amplitudes, the larger ones (partly
hidden) to actual data.
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